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The following oxides were reduced to lower oxides :-^— 

V2O5 to VO. TiOs to TiO. 

NbsOs to NbO. CeOs to Ce203. 

U3O8 to UO2. 

The following oxides were unchanged : — 

AI2O3, MgO, ErOs, Y2O3, ThOs. 

The metals obtained, chromium and manganese, are probably purer than 
those prepared by any of the methods used hitherto.* This supposition is 
supported by the sharp nature of their melting points, a feature which has 
not been observed with samples prepared by other methods. 

Part of the incidental expenses of this investigation has been met by 
a grant kindly made by the Chemical Society. 
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Although many writers have devoted their attention to the problem of the 
motion of a fluid past a curved boundary, no method so simple, yet so 
effective, as that developed for the case of a plane barrier by Kirchhoff and 
others, and since elaborated by Mitchell,f Love,f Bryan and Jones,f etc., has 
been discovered for the more general case. Within the past few years a 
group of mathematicians in Italy and in France, in particular Levi-Civita, 
Cisotti, and Villat, and J. G. Leathem in this country, have published 
notable advances on this subject. In aeronautics alone recent developments 
have shown the practical necessity for an effective discussion of the case 
where the plane is cambered. 

In this paper I propose to show how two-dimensional problems of the 
motion of a curved surface through a fluid, or the efflux of fluid through an 
orifice in a vessel of any shape, may be solved, how to find the form of the 
free stream-line, and how the components of resistance may be calculated 

* The purest samples examined by Burgess and Waltenberg contained 97-98 per cent, 
manganese and 98-99 per cent, chromium, and melted at 1255° and 1520° respectively, 
t See Bibliography. 
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from the solution obtained. It will be assumed that the fluid is of 
vanishingly small viscosity, that the motion is two-dimensional and steady, 
and that the surface in its motion gives rise to a free stream-line, along 
which the pressure, and therefore the velocity, is constant, extraneous forces 
such as gravity being neglected. 

Problems in which the surfaces are planes have been solved by a series of 
conformal transformations, and a similar process will be adopted here. The 
following functions and notation will be employed : — - 

where x and y are the co-ordinates of any point in the plane of the problem ; 

where ^ = const, and yfr = const, correspond to the equipotential and stream 
lines respectively, 

O = ]og (dz/dw) = log ^"^ (cos 0-\-i sin 0) = log q~^-\-i6, 

where q is the velocity, and 6 gives the direction of motion at any point. 

Along the free stream-lines and surface (see fig. 1), EACODBE, it is 
evident the following facts are known : — ■ 



(1) Along AE and BE, q ~ constant = Y. 

(2) AE and BE are ultimately parallel with the direction of the velocity 
at infinity I, supposed here to be horizontal. 

(3) The form of the surface BDCA is given, i.e., the value of 6 at every 
point is known. 

(4) The stream-line divides at 0, and therefore $ = 0. 
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All our knowledge of the problem is comprised in these four headings^ 
and, knowing these, the problem must be determinate. 

Consider what the figures in the iv- and O-planes become, corresponding 
to our problem. 10 AE and lOBE are really the same stream-line, say 
-v^r = -1-0 and ilr = — 0, and we will for the moment suppose that at 
(j) = 0, The i^-plane then assumes the form given in fig. 2. 

Suppose w expressed in terms of another variable t, such that along EAO 
and EBO t ranges from to + co and to — oo respectively. To obtain 
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this expression we have to transform the region of the iKoblem in the 
-z^-plane to the upper half of a new j^-plane, and this will be facilitated by 
making use in the first place of an intermediate -id^'^-plane. By means of 
the Schwarzian transformation, we obtain at once 

and, since ta~^ = when i^ = 0, 

w = D/t^. 

D will be at once determinate if we know another pair of corresponding 
values of t and to. 

If on the other hand the problem is that of the flow of liquid through an 
orifice or between two surfaces, each infinite in one direction only, the figure 
in the ii^-plane will consist of two lines parallel to the real axis, and the 
corresponding transformation is evidently 

f dt 



w = D 



= D log ^ + E. 
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Since all the circumstances of the problem will be known, or at least 
easily derivable, once we have discovered the relation between z and w, and 
therefore between z and t, it is obvious from (1) that the question will, in the 
same sense, be solved if we express O in terms of t, for then 
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Success or failiire therefore depends on the possibility of determining the 
transformation to change the region in the O-plane into the upper half of 
the ^-plane. 

n-plane— O = log ^""^ + ^0. 

Lines parallel to the real axis correspond to boundaries along which is 
constant, that is to say, to straight lines in the ^-plane, while lines parallel 
to the imaginary axis are such that the velocity is constant. AE and 
BE (fig. 1), therefore, representing stream-lines of constant velocity, will 
correspond to portions of lines parallel to the axis. Along BO and AO, 
both and (j vary, and the corresponding boundary in this plane will be 
curved, while to 0, the point at which the velocity is zero, will correspond 
the point at infinity. Fig. 3 shows the representation in the Xl-plane. In 
order that the problem may be one of the type we desire, the impact of 
a, fluid against a finite continuous surface, O must be such that (fig. 3) : — 

(1) A finite portion AB must be straight, otherwise there would be no 
free surface, and the problem would be that of the impact of fluid against an 
infinite surface. 

(2) CO and DO must ultimately be horizontal and at a distance w apart 
if the gradient of the surface is continuous at 0. If, on the other hand, 
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there is an angle 7 at this point on the surface, then CO and DO must 
ultimately be a distance 7 apart. 

If the surface AB in the ^-plane is concave to the impinging fluid, A and 
B are farther from the real axis in the H-plane than the asymptotes of CO 
and DO, while if OA is concave and OB convex to the fluid, A is farther off 
and B nearer to the real axis than CO and DO respectively. If CO and 
DO in the O-plane are straight lines, AC and BD being the only curves in 
the figure, the problem is that of the impact of fluid against a plane surface 
with the ends rounded off. The problem to transform such an area as that 
above described to the upper half of the ^5-plane, as I shall presently show, 
yields to an artifice about to be developed. 

XI = F(^), the formula of transformation to the ^5-plane, may also be 
regarded as the equation to the curve traced out by the extremity of the 
vector O when the freedom variable t ranges over all real values between 
the two infinities. The point O being thus the extremity of a vector, the 
point XI + Q.' will be obtained from X2 and XI' by adding them according to 
the vector law for the same value of t. Should X2 and X2' both trace out 
lines parallel to the real or the imaginary axis, XI + ri' will likewise trace 
out a line parallel to the same axis, for the real parts or the imaginary parts, 
as the case may be, of X2, X2', and therefore of X1 + X2', will be constant. If 
X2 = F (t) and XI' = G- {t) then represent two curves in the Xl-plane, transform- 
ing the areas bounded by these curves to the upper half of the «^-plane, then 

will represent the curve obtained by adding vectorially the points X2 and XI' 
obtained from the same value of t, and this new function will transform this 
new curve to the upper half of the ^5-plane. It should now be obvious that 
if X2 and X2' both have the essentials of the boundary OCABDO a.s set out 
on p. 288, the resulting curve Xli = X1 + X2' will have these same character- 
istics ; and generally if Xli, XI2, ...; ^^ each represents such a formula of 

transformation, 

X2 = AiXli + A2X22 + . . . ...+A„X1^ 

will also represent such a formula when A], As, ..., A^ are all real constants. 
It is especially to be remarked that all the functions X2 involved must include 
in the curve they each represent in the X2-plane a part of a finite straight 
portion parallel to the imaginary axis for the same range of values of t. It 
is not necessary that these functions be limited to a finite number, provided 

always the constants Ai, A2, ..., are so selected as to keep part of the curve 

00 

1 

in the finite region of the plane. 
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For the sake of clarity we shall illustrate with the case of two functions 
111 and II2 representing two regions in the O-plane, rectangles with corners 
at ^ = +1, at A and B, and t ~ +<x at F and G respectively (fig. 4), where 
a > 1, and suppose F^ and & correspond to t :=. a and t = — ^. on the 
rectangle OABO. Comhining these rectangles vectorially for the range 
1^?^^ —1, the resultant curve will have a straight-line boundary parallel 
to AB. From t •=: ±1 to?^= Hha the boundary will be rounded off, and 
from t = a to t =. +00 , and ^=-~^to^=-~oc, the boundary simply con- 
sists of two straight lines parallel to the real axis. 

The lower diagram (fig. 4) gives the resultant curve, a rectangle with the 
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corners rounded off. By referring to fig. 3 it will be at once seen that this 
is the type of curve we are seeking. To this we may now add, by the same 
method, another rectangle and obtain another curve of the required type, and 
we may repeat the process as often as we please, always provided in so doing 
the horizontal parallels and the vertical do not move off to an infinite 
distance. It is moreover evident that the values of t at which the curve at 
the rounded corner begins and ends are the greatest and the least values of t 
at corresponding corners of the series of superposed rectangles. It is quite 
unnecessary, although it has been done in the illustration for the sake of 
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simplicity, to place the two rectangles symmetrically above the real axis, but 
any position in the plane would be sufficient so long as their infinite sides are 
parallel to that axis. If the values of t are symmetrically distributed round 
each of the rectangles, the resulting boundary in the O-plane will be a 
symmetrical figure, and will therefore represent a symmetrical surface, while 
if the rectangles have a common value of t for one of the angles the surface 
will be a plane with a curved end. Should one of the rectangles include for 
the straight vertical portion, say, an infinite range for t, the resulting curve in 
the sQ-plane will have a horizontal asymptote and therefore represents a 
surface no portion of which is straight. 

Analytically these considerations are expressible in the following manner. 
By means of the Schwarzian transformation applied to the case of the 
rectangle under discussion with corners at ^ = (X and ^ = — <x respectively it 
is at once seen that 



I2i=: A 



dt 
/m^a^\ ~ ^ cosh-^ {tja) -f- A'. 



The exact specification of the rectangle in the O-plane would determine A 
and A' uniquely, A evidently as a real quantity and A' complex, but as it is 
intended to sum up a number of such O's, and as we are only concerned with 
the exact specification of the final curve obtained, it would be pointless for us 
to attempt to insert these values. 

It is sufficient to note that A and A' are real and complex respectively. 

Summing n such rectangles vectorially. 



n n 



O = S Xlw = S {Aw cosh ^{tlan)-\-A.'n} 



1 

n 



= 2 A^ log {t-^ s/ {t^ — an^)} -^\og p—ia, 
1 

where p and a are real constants and where we will suppose 

cti > ct2 > a^. . .> ^^« > 0, 

which in reality involves no restriction. 

Consider what II becomes for various ranges of t. 

(1) +oc>i^>ai. 

n 

Here \ogq~^-\-id — ^ A^log {t-{- s/ (f—an^)) -[-log p — ia, 



n 



and 6 = -u, q~^^ pU{t+ y(fi-^an^)}^\ 

1 

This therefore corresponds to a straight part of the surface, and the bend, 
if any, will begin at i5 — ai. The stream we have supposed divides at ^ — * oo , 
VOL. xoii.— A, z 
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at which point q must be zero, and this therefore gives, as a first condition on 
the A's 



n 



S A« > 0. 
1 

At ^ = <xi, 

n 
2 

(2) aiytya2. 

n 

log q-^ + ie = Ailog {t + i s/ (ai'-t')} +t Anlog {t + ^{fi-a„')} +\ogp-ia, 



2 
n 



= Ai log ai + tAn log {t + ^/ (f^—an% + log p 

2 

so that 6 = Ai tan~^ y/ {ai^--'fi)/t — a, 

or t = ai cos {(0 -f a)/ Ai}. 

Also q-^ = pai^i n {t + ^(t^-an^)}^\ 

2 

Hence in this region the boundary is a curve which, from ^ = ai to ^ = ^2, 
turns through an angle Ai t8in~'^^(ai^—a2^)/a2, and by choosing the sign of 
Ai properly we can arrange to have the surface concave or convex to the 
stream just as we desire. 



n 



2 

+ logp— m. 

n—l 

= t An-l log an-l-i-An log {t -{- s/ (^^^ — ^n^)} + log p 
2 



n 



2 
n 



^- i [S An-^i tan-1 {v/ (^Vi-0/^-^]. 



so that = — a+ 2 An-i tan-i {^y {an-{^ — t^)lt}, 

2 

and q~^ = p<Zi^ia2^2...^„„iA„_i j^^^^(^jf2_^^2)|a„^ 

0= -a + SAntan-iVK^-O/O^ 
1 

q~'^ = pai^^a2^^...an^''. 

Hence along this range for t the velocity is constant ( = V, say) and this 
represents the free stream-line. 
■ Hence p-^ = Yai^^a2^\..an^\ 
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If the fluid at an infinite distance along this stream-line flows horizontally, 

(? = when t = 0. 

n 

Hence 2 An7r/2 = a, 

1 

n 

or S A„ = 2a/7r, 

and since 2 A„ > 0, a must be positive. 

The surface being obviously one with an axis of symmetry, it is unnecessary 
to consider ranges of negative values of t except at the branch point ^— * — oo . 

( — 1) — ai>2^> —00. 



n n 



log ^"H ^^ = 2 An log { — i^ -f a/ (f—cir?)) + S An log ( — 1) + log 0—ioL, 

1 1 

taking the proper branch. 



n 



Hence Q = — a + 7r2An = a, 

1 

1 

At t-^ 4- 00 , ^ = — a, and at t—^ — oo , ^ = + a, and therefore the problem 
is that of the impact of a fluid against a surface, or the efflux of a fluid 
through an orifice of a surface along its axis of symmetry (fig. 6). 

OXi is straight and along it ^ = — a. 
Xn~iXn is curved and given by 

n 

e = ~-a + SAn-itan~i{v/(aVi-~^^)A}- 

This expression involves (^—1) of the constants A, and since the only 
restriction on them is 

n 

X An = 2 a/ IT' (cc>0), 

1 

these (n—l) coefficients may obviously be chosen to make all or any of the por- 
tions X1X2, X2X3, . . ., Xn^iXn concave or convex. There are in fact altogether 
(271 — 2) constants to be determined, viz.: — D, Ai, As, ... A„, %, a2, ... any a, 
and the {2n—2) conditions to fix them viz. : — gradients at 0, Xi, X2, ..., X 



It) 

n 



and lengths OXi, X1X2, ..., X„„iXn, along with the condition % Kn^ 2a/7r, 

and thus we are in a position to solve the problem of the impact of a fluid 
against a body in a direction along its axis of symmetry, the surface being 
made up of a series of portions specified in a manner about to be described. 

z 2 
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The distance X^.iX^ is evidently obtained as follows. Suppose w = D/t^, 
then 
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and in the same way the other distances are easily calculated. The inclina- 
tion to the horizontal at 



Xi is 01 = 
X2 is 02 = 

X3 is 0z = 



a. 



— a + Ai tan ^ {a^ (ai^ — <X2^)/<X2, 

— « + Ai tan""! {y/{%2— %2)/ci3} + A2 tan""i W {a2^—ai)lctz) 



••••«•••••••*•• 



• • • • • 
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X„ is ^„ = — a + Aitan ^ {\/ {ai^— ar?) fan} '\-A2 tMT'^ {a/ {a^—a^) J an} 

4- ... 4- A„-i tan""^ {^ (««^i^— ^»^)/<^»}. 

It is evidently almost impossible to determine otherwise than approxi- 
mately the values of the constants involved in these equations, but, the 
last {n) being linear in A, ..., An-iy and in an especially convenient form, 
these quantities may be quite simply expressed in terms of <xi, ..., an, which 
greatly facilitates their choice. To the extent that these equations are 
practically only soluble approximately, the solution we have found for our 
problem is not really complete but more adaptable for constructing cases, 
which may, however, be made to approximate closely to the type of problem 
requiring solution. Any number of cases may, of course, be quite simply 
constructed by giving values to Ai, ..., A^, ai, ..., an, and from the above 
equations obtaining 0i, ..., 0n and a. In a short time one becomes quite 
expert at choosing values for the quantities Ai, etc., to make the surface 
take a desired shape. 

JExample.---The problem is that of the escape of a liquid through a hole 
in a plane bent into the form ABC, A'B'C (fig. 6). 

The corresponding curve in the O-plane is evidently obtained by the 
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superposition of two rectangles whose values of t are distributed symmetrically 
round them, 

/. 12 = \o§ q"'^ -{- iO , 

= Alog{i{+^/(?^2-«^)}+Blog{^^4-A/(^^-&^)} + log/)4-^'a. 

Let the stream-lines ABCD and A'B^C'D' correspond to i|r = c and 

^ =1 ^c respectively, where 2 c is the final breadth of the issuing stream at 

infinity, and suppose CO' lies on the equipotential <^ = 0. As we have seen, 

for a problem of this type 

ta = Mlog^-fN, 

w = cij t = b, and w = ^ci,f= —5, are corresponding values of w and t, 

,', w = — (2e/ ir) log (t/b)-i-ci. 
The condition on A and B becomes 

A + B = 1. 
Suppose BO turns through an angle 7r/6, so that at 0, ^ = — f7r. 

= Atan-i {^(a^^t^)/t}-ha = Atan""i {s/i(i^-t^)/t}-w, 

a being equal to — tt, since this is the value of # at ?J -* + co . 
Hence at ^^ = 6, where^ = V and 6 = — f tt, 

1/V = aH^p. 
Hence p = 1/YaH^ and --|7r = A tan^i {^ (a^^¥)/b} -tt, 

or Atan"i{\/(«'-^')M=i^- 

Hence, if we choose a = 2, b = % 

Atan""^y^3 = I-tt, 
that A = |- and B = J. 

.', a = ilog{t + y^it^-4:)} + ilog{t + ^{t'^l)}-^logY^ilog2^iw. 

Hence, for the curve BO, 

^ = I tan"i 1^ (4,^fytj^^ or t = 2 cos 2 0, 

w =■ — {2c I w) log t + 0% 

J i q } -rrt V 
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which therefore determines the intrinsic equation to the curve and the length 
of the curved portion. 

Free Stream-line. — 

e = |tan-i{v/(4-^2)/^} + | tan-i{v/(l-^')/0-^» 

giving </) = V^, s being measured from c, 

or (f) = —(2c/7r)logt along yfr = c^ 

so that t = e-'^'^'l^'/ 

which expresses in terms of t, and t in terms of 5, giving the intrinsic 
equation. 

There is an obvious extension to the whole of this discussion. When 
considering the vectorial addition of the rectangles there was no limitation 
on the number so added provided the figure ultimately obtained was situated 
on the finite part of the plane. In the limit, therefore, if we suppose an 
infinite number of rectangles superposed, the values of t at whose corners 
range from if = ai to ^ = ^2, the A's may be considered as functions of a, and 
the final value of fl will be given by 



•fti 



12= A(a)Go^'h~^(t/a)da + B, 
where A (a) is an arbitrary function of a, except in so far as it must be 

n ■ ■ . 

chosen to satisfy'the condition equivalent to SA^ = 2 u/tt, viz., 
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A (a) da = 2a/7r, 
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•tti 



'^ -1 



'(h 



t 



or ^=^ 2a , <iT \ A{a)daV . A(a)cosh""i--^ti^ + B, 

where A {a) is real but otherwise now quite arbitrary. This will evidently 
represent, for any A, a surface curved from ^ = ^i to ^ = ^2 impinged upon 
by a fluid in the direction of its axis of symmetry, the angle on the surface 
at the point at which the fluid divides being 2 a. If one of the limits, ai say, 
is infinite there is no straight portion in the surface at all. 
Example, — A {a) = 1/a^. 

r da t 

.-. O = -^cosh~i -4-K4-^L 

J I a'' a 

= GO^]i-H-^(t^---l)/t^i/t~{-K-hiL 
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Suppose ^ = + 1 lies on the equipotential ^ = c and the stream-line 

i|r= 0. 

Then w — D/t'^ = c/t^ = ^, along the surface, 

and therefore 

] q ] V • ^ fir 

and = l/t + ^TT gives the intrinsic equation to the surface. 
The free stream-Kne answers to the range 1 > ;! > 0. 
Now 



log^-i + i^ = log{< + V(l-^')} 



i^^s^Kn^-^i 



Li 2. 



so that ^ = Vand <9 = tan"! {v/(l-O/0-"\/(l-"OA-M/H-|-7r. 

Also (^ z=:'Ys-{-C — c/tl 

Hence the intrinsic equation to the free stream -line is 
When s = 0, 6> = i tt + 1 :== 147-3'' approx, 

5 — * CO — > TT. 
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Hence the Cartesian equations to the curve are 
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and the chord and camber of the surface are at once given by evaluating 
these integrals for t =^ 1. Fig. 7 gives a diagrammatic representation of the 
whole problem. 

All the surfaces so far included in our discussion are symmetrical and 
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placed with their axis of symmetry along the direction of motion of the 
fluid, but we may by a similar method discuss other forms, and we proceed 
to the case where the surface is composed of two planes meeting at an angle, 
at which the fluid divides, one of the planes rounding off at the free end 
{fig. 8). The boundary in the O-plane is obviously a rectangle with one 
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corner rounded off, to be derived, as we have already seen, by superposing a 
number of rectangles with a common value for t at one corner, and a common 
finite range for t along part of the side parallel to the imaginary axis. For 
the moment we shall contine ourselves to the case of two such component 
rectangles having corners at t = a and t = h,t =: a and t = c, respectively, 
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where c^h^ a, the infinite ends corresponding as before to ^ — * + go , so 
that in the resulting surface the curved end will correspond to a range of 
values from t = c to t ^h 



s/ {{t-V)(t-a)) ^" J ^ {{t-c)(t-a)] 
= A cosh~i — ■ -> ^- - ^ + B cosh"^ - — -^^ ^ + const. 

= Alog[^-|(6t + &) + v'{(^-&)(^-^)}] 

+ Blogp — |(a + c) + ^{((^ — c)(^— a)}] + logp — ^'a, 

where A, ^, p, and a are constants. 

Consider the following ranges for t. 

{1) +oo>?^^c. 
Here 

and = —a. 

Hence, if we suppose the point at which the fluid divides corresponds to 
^ = ±00 , then ^ == f or this value of t, and a first condition on A and B is 

A + B>0. 

(2) e>t>l). 

Here q~^ = ^p_i(a4.&) + ^ {(^-^5)(^_a)}]A |i(c_^)p^ 
and g=-^. + Btan-^^/^^^7;)^^}. 

(3) & > ^ > (^, corresponding to the free stream-line. 
Here q"^ = p {| {h^a))^ {| {c-a))^, 

and e = ^. + Atan-i^^li(^:^^ 

(4) a>>^>>— 00. 
Here 

logg-i + i^ = Alog[-^ + i(& + ^) + v/{(&-0(^t-0}] 

+ Blog[-^ + i(c + a) + v/{(c-0(^-0}] 

4- log ^ — ^a + A log ( — 1) + B log ( — 1). 

Hence 

and 6 = — ^^ + ( A + B) tt. 

Suppose once more that, when j^ — — -oo, q~^Q, ^ = /3. 

.-. A + B = (;8 + a)/7r>0. (Fig. 8.) 
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For some value of t between a and 6, ^ = 0, and this will correspond to 
the point at infinity on the free stream-line. If the skin velocity along the 
free surface is V, 

then 1/V = p{l {h-^a))^ {\{c-^a)}^, 

giving the expression for />. 

At ^ = ^, q = V, and 6 = -^a + B tan'^^^ ^'T^^^'^x''- > 

and, as before, we may calculate the values of the lengths of the various 
plane and curved portions in terms of the constants. By suitable adjust- 
ments of these constants we may arrange to have the plane and curved 
parts of desired lengths and the angle at i^ = 6 what we please. 

One of the most important cases practically is where yS = it — a, so that 
A + B = 1, and the problem is that of the impact against a plane surface 
with one bend. 

And, generally, by superposing n such rectangles with a common corner 
t = a, the other corners corresponding to ^^ = hi, 62, ..., &«, we obtain 



n 



1 



dt 



I B, cosh-i ^^7^^""^ + const., 



and, by suitably choosing the constants involved, we may, just as in the 
symmetrical case, make the surface fit as closely as we please to that of a 
given one of the type here under discussion. If u and /3 have the same 
meaning as in the previous cases 

^p ^^ + /3 

1 TT 

If, now, we suppose the number of superposed rectangles to become 
infinite, and i^ = 61, ^ = 62, to be the values of t corresponding to the largest 
and smallest values of t at the corners, 

0= B(^)cosh-i \ dh, 

with the condition that 

h 

If one of the limits become infinite there will correspond a boundary made 
up of one plane portion meeting a curved portion at an angle « + /3, so that 



n 



(a-f/3)/73-. rB(h)Gosh-^^^jr^^~^db 
' J 6, ih—a) 



»oo 



B {b) db 
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where B is now quite arbitrary, and to every such function B there will 
correspond a surface of the type considered. 

The method adopted in the discussion of these two special types of 
boundary will now have made obvious the course to be adopted when the 
boundary does not necessarily conform to one of these types, but is composed 
of a plane portion as large or as small as we please, with curved ends of 
continuously varying curvature. The method of superposition of rectangles 
will enable us to build up the expressions required, provided always the 
sides parallel to the imaginary axis of all the rectangles have a range of i in 
common. 

If t = ai, t = 61, correspond to the corners of one of the rectangles, and 
t z= ±co to the point at infinity, then 

Oi = Ai . ., ■ — , .^ , . -, = Ai cosh"^ ^7 — ^+ const. 

Hence, superposing mn of these rectangles, 

Xi = 2 S A„, „ cosh-i ^^-^«--+^"') + const., 

w = 1 n = l (^n "~" ^m 

where ^,>«,>A>&«, 

i^ for each of the rectangles thus having the common range cci'^t'^ 0i, and 
we may proceed, as we have already done in the previous cases, to determine 
the constants, so that the surface may coincide with the required one. It 
would serve no purpose to go through the calculation in the general case, 
which is similar to those already discussed, and no new features are 
developed which have not already been brought out. The same condition, 

m =7)1 n — n /Q J_ /v 

V V A — ^^ 

m=:l n = 1 '^ 

applies in this case as in the others, the same meaning being attached to 
a and /3. 

In particular if both m and n become infinite, that is to say if we superpose 
an infinite number of such rectangles, 

11 = I dadh A(a, b) cosh""^ '^—t — -, 



where 



A {a, h) da db = (a + /S)/7r, 



^i>A, and the limits <xi and &i may become infinite, in which case there will 
be no plane portion at all. 

And generally if the point at infinity in the H-plane corresponds to a 
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finite instead of an infinite value of t, as has so far been supposed, the 
corresponding value for Xli takes the form 

(rf -L. n 

X2i = A cosh ""^ — — , 

t + G ' 

giving 11 = 2 A^^ 5, 1, cosh" ^ r i- s 



and a corresponding integral expression.' 

One further important point remains to be considered. Will the method 
here outlined of superposing rectangles enable us to build up any surface, or 
will only certain classes of such surfaces be formed no matter how many and 
in what manner such rectangles are combined ? It has already been shown 
that the constants involved in the expressions obtained by properly choosing 
the number of terms are just of sufficient number to enable us to construct 
as the surface one having given inclinations at a given number of points of 
given distances apart measured along the surface. It is obvious that by 
taking these points of sufficient number and sufficiently close together we can 
theoretically make the surface we have constructed differ by as little as we 
please at any point from an arbitrary surface, and it will always be possible, 
by the method here developed, bo find the required expression for O. But 
this is equivalent to saying that by the superposition of, if necessary, an 
infinite number of rectangles our formula gives the solution for any arbitrary 
surface. 

Galculation of the Resistance, 

The method above described expresses O and w in terms of t, or for certain 
ranges of that variable 

e=^e{t), q = q(tl <^ = <^(^). 

If p and q are the pressure and velocity on the upstream side of the surface, 
and j9o a-nd V the corresponding expressions for the dead-water region, then 

The horizontal component of the thrust is then 

Tx — {p—PoJds sin = ^p\ (V^—^s^ sin 6 , q~^ d(f), 

and the vertical component 

* (* 

Ty = (jo--po)dsG08 6 = ^p (Y^—q^)GOsd , q"^ d(j), 

and every term under both integral signs is expressible in terms of t. 
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